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ABSTRACT

This paper uses Markov chains
to analyze the search quality of a
bounding case of parallel genetic
algorithms with multiple popula-
tions. In the bounding case con-
sidered here, each population ex-
changes individuals with all the
others. First, the migration rate
is set to the maximum value possi-
ble, and later the analysis is refined
to consider lower migration rates.
In the algorithm examined by this
paper, migration occurs only after
each population converges. Then,
incoming individuals are incorpo-
rated into the populations and the
algorithm restarts. The analysis
shows how to calculate the prob-
ability that each population will
eventually converge to the correct
solution, and the expected num-
ber of migration-restart events un-
til all the populations converge to
the same solution.

1 Introduction

Implementations of parallel genetic algorithms with mul-
tiple populations are common. However, this method of
parallelization introduces many additional parameters,
and their effect is not very well understood. Parame-
ters such as the number of populations, their size, and
the amount of communications have to be set carefully,
because an incorrect configuration may result in a slow
search or in an inadequate solution. The objective of this

paper is to predict the quality of the search after multiple
migration events and with varying migration rates.

To make some progress in the analysis the paper can-
not consider all the parameters of the multi-population
GA. Instead, it focuses on a case that is an upper bound
on the topology: each population (or deme) communi-
cates individuals to all the others (i.e., the topology is
a fully-connected graph). The opposite bound is when
the demes evolve in complete isolation, and it has been
shown that in isolation the gains in quality are only
marginal (Canti-Paz & Goldberg, 1997). In the algo-
rithm examined here, migration occurs only after the
populations converge; then, the newly received individ-
uals are incorporated into the populations, and the al-
gorithm restarts. This evolve-migrate sequence is called
an epoch, and the algorithm ends when all the popula-
tions converge to the same solution. Similar algorithms
were investigated empirically by Grosso (1985), Braun
(1990), and by Munetomo, Takai, and Sato (1993). This
bounding case has been studied before (Canti-Paz &
Goldberg, 1997; Canti-Paz & Goldberg, 1997), but the
previous analysis only considered one migration event.
This paper extends that study by examining the quality
of the search after multiple epochs.

The analysis is based on the gambler’s ruin (GR)
model that predicts the convergence quality of simple
GAs based on the population size and on how many
copies of the correct building block are present ini-
tially (Harik, Cantd-Paz, Goldberg, & Miller, 1997). The
number of building blocks (BBs) at the beginning of an
epoch depends solely on how many demes converged cor-
rectly in the previous epoch. Therefore, Markov chains
can be used to describe the distribution of demes that
converge correctly. The analysis describes how to calcu-
late the quality of the search after each epoch and the
probability that the parallel GA converges to the correct
solution in the long run. This long-run success proba-
bility of fully connected demes is the same as the prob-
ability that a simple GA with an aggregate population
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Figure 1 The bounded one-dimensional space

of the gambler’s ruin problem.

size will converge correctly. Also, the paper shows how
to calculate the expected number of epochs until all the
populations converge to the same solution.

The remainder of the paper is organized as follows.
The next section gives a brief description of the GR
model for simple GAs. Section 3 examines the case where
the migration rate is set to the maximum value possible,
and section 4 refines the analysis by considering smaller
migration rates. Finally, section 5 presents the conclu-
sions of this study and discusses avenues of future re-
search.

2 The gambler’s ruin model

The basic mechanism in GAs is Darwinian evolution:
bad traits are eliminated from the population because
they appear in individuals which do not survive the se-
lection process. Good traits survive and are mixed by
recombination (mating) to form better individuals. In
GAs, the notion of good traits is formalized with the
concept of building blocks (BBs), which are string tem-
plates (schemata) that match a short portion of the in-
dividuals and act as a unit to influence their fitness. The
prevailing theory suggests that GAs work by propagat-
ing BBs in the population using selection and crossover.
We follow Goldberg, Deb, and Thierens (1993), and re-
strict the definition of a building block to the shortest
schemata that contribute to the global optimum. In this
view, the juxtaposition of two BBs of order & at a partic-
ular string does not lead to a BB of order 2k, but instead
to two separate BBs.

To obtain a model of the quality of the solution of
a GA, Harik, Canti-Paz, Goldberg, and Miller (1997)
modeled selection in a GA as a random walk. The model
concentrates on only one partition of order k, and it as-
sumes that decisions are independent across partitions.
In the random walk model the number of copies of the
correct BB in the population is represented by the posi-
tion, x, of a particle on a one-dimensional space, as de-
picted in figure 1. Absorbing barriers at x = 0 and x = n
bound the space, and represent ultimate convergence to
the wrong and to the right solutions, respectively. Once
the particle reaches the barriers it cannot escape, and
this implies that the GA does not use mutation. The
initial position of the particle, xg, is the expected num-
ber of copies of the best BB in a randomly initialized

population, that is equal to zo = n/2*, where k is the
order of the BB and n is the population size.

At each step of the random walk there is a probabil-
ity, p, of obtaining one additional copy of the correct
BB. This probability is different for every problem and
represents the chance of deciding well between two com-
peting BBs. For functions composed by adding several
uniformly-scaled subfunctions, p was computed by Gold-
berg, Deb, and Clark (1992) in their study of population

sizing as
d
pP=N|—F—= 1]
2m'o7,

where N denotes the cumulative distribution function of
a normal distribution with a mean of zero and a standard
distribution of one, d is the difference of the fitness con-
tribution between the best and the second best schemata
in the partition, m’ = m—1, m is the number of subfunc-
tions, and oy, is the average variance of the k-th order
partitions.

Using a well-known result from the random walk liter-
ature, the probability that the particle will be absorbed
at x = n, or equivalently the probability that the GA
will converge to the right solution is

o
- (2)

P
N7
- (3)

2
where ¢ = 1 — p is the probability of making the wrong
decision between two competing BBs. This has been
shown to be an accurate predictor of the search quality
of simple GAs. Note that the success probability depends
greatly on the initial position of the particle, and a good
portion of the analysis in the next section is dedicated to

calculate the number of copies of the BB at the beginning
of each epoch.

Py (o) = (1)

3 Analysis with maximum migra-

tion rates

Canti-Paz and Goldberg (1997) predicted the expected
quality of the solution at the end of the second epoch
when the algorithm uses a maximal migration rate. The
maximal migration rate is p = 1/r, where r is the num-
ber of demes. Their method is to calculate the number
of BBs after the first migration as x; = nPy, and to
substitute zo with z; in equation 1. This assumes that
many demes are used, but the approximation works well
even for cases with 4 demes.

Unfortunately, the gambler’s ruin solution cannot be
used accurately after the second epoch, because as the
model iterates the starting point for the random walk
increases steadily. After a few iterations the probability
of converging to the correct BB would be 1, regardless of
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Figure 2 A fully deceptive 4-bit trap function.
The horizontal axis is the number of bits set to 1
in and the vertical axis is the fitness value. Since
all four bits need to be identified to reach the
global optimum, the BBs in this function are of
order four. The difficulty of this function can be
varied easily by using more bits in the basin of
the deceptive optimum, or by reducing the fit-
ness difference between the global and deceptive
maxima.

the population size and the number of demes. For exam-
ple, consider a fitness function formed by concatenating
20 copies of a 4-bit fully deceptive trap function such as
the one pictured in figure 2. Table 1 shows that after
only eight (five) epochs, the iterated GR model predicts
that a parallel GA with a deme size of 16 (32) individ-
uals will converge to the correct solution. In reality, the
correct value of a partition may not appear in any of the
demes, or it may be lost after some epochs.

The number correct BBs at the start of an epoch de-
pends directly (and solely) on how many demes con-
verged correctly in the previous iteration. In particular,
if i demes converged correctly, each deme would start the
current epoch with % copies of the BB, and the probabil-
ity that they converge correctly is Py, (“2). The problem
consists on computing the number of demes i that have
the right BB after each epoch.

Recall that migration only occurs after the demes
have converged, so they execute independently, and the
chance that each converges correctly is Py, (xg). There-
fore, after the first epoch the distribution of the number
of demes with the right BB has a binomial distribution:

) = () Phalan) (1= Pt ™, @)

where V(i) denotes the probability that exactly ¢ demes
converge correctly after the ¢-th epoch, and zo = 35 is
the number of BBs in the initial random populations.
The probability of converging correctly after the second

| Epoch | Xo | Ppb(x0) |

1 1 0.2144

2 34 0.5668

3 9 0.9024
ng = 16 4 14.4 0.9894

5 15.8 0.9990

6 15.98 | 0.9999

7 15.99 | 0.9999

8 16 1

1 2 0.3753

2 12 0.9410
ng = 32 3 30.11 | 0.9996

4 31.99 | 0.9999

) 32 1

Table 1 The iterated gambler’s ruin model al-

ways converges to 1, regardless of the deme size
(nq) or the number of demes.

epoch is given by the sum of the conditional probabilities

Py, =Y V(i) Puy(

i=0

n
7))

which can be generalized and expressed as a vector prod-
uct

Py, = VU, (3)

where U(’L) = Pbb (%)

To calculate the distribution of correct demes after
the second epoch, we use Markov chains. The states of
the Markov chain represent the number of demes that
converge to the right value. The transition matrix is
defined with the probabilities of going from a state with
i demes correct to a state with 7 demes correct:

= () (@) o

The distribution of the number of demes that converge
correctly after an arbitrary number of epochs (t) is given
by

‘/t :%Mt) (5)

and the probability of converging to the correct BB may
be calculated using equation 3.

Figure 3 shows an example of the predictions of equa-
tion 3 after several epochs on four fully connected demes.
The function used in the example is a 20-BB 4-bit trap
problem. The GA uses binary tournament selection,
two-point crossover with probability 1, and no mutation.
Contrast the predictions with the iterated gambler’s ruin
example in table 1. Note that the major improvement
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(b) Experimental results

Probability of converging to the correct BB after 1,2,3,and 4 epochs (from right to left).

This example considers a 20-BB 4-bit trap function on four fully connected demes with maximal

migration.

in quality comes at the second epoch, and therefore the
previous calculations of Canti-Paz and Goldberg (1997)
are very significant for the design of parallel GAs.

Another application of Markov chains is to calculate
the long run distribution of the number of demes that
find the BB, that is lim;_,, V;. Substituting this distri-
bution in equation 3 would give the probability that in
the long run the parallel GA finds the BB. The remain-
der of this section will treat this problem, and find the
expected absorption time.

First, note that when the none of the demes has the
correct BB, it cannot be found in the next epoch. Once
the correct BB disappears, there is no way of recovering
it, because there is no mutation. Likewise, when all the
demes converge to the correct BB, there is no chance of
losing it. These facts are reflected in the transition ma-
trix: the first row (corresponding to state 0) is 1,0,0,...0,
and the last row (state r) is 0,0,...,1. The states 0 and r
are called absorbing (or persistent) states, and because
there is no possible transitions between them, the chain
is said to have two closed absorbing sets. All the other
states in the chain are transient states, because in the
long run, the chain is expected to converge to one of the
absorbing sets.

The fundamental matrix method (Isaacson & Madsen,
1976) is used to calculate the expected absorption time
and the long run distribution of correct demes. To use
this method the states need to be reordered, and the
transition matrix rewritten as:

P 0 O
M=|0 P 0],
Ry Ry @

where P; and P, are the submatrices with the transi-
tion probabilities within the two closed persistent sets,
which in our case consist of a single state each (therefore,

P, = P, = 1); Q is a submatrix with the transition prob-
abilities within the transient states; and R; and Ry con-
tain the probabilities of going from each transient state
to the each of the persistent states.

The expected absorption time from each transient
state i is given by the i-th element of

T=N1,

where the matrix N = (I —Q)~! is called the fundamen-
tal matrix, I is the identity matrix, and 1 is a column
vector of ones. Augment 7 with a zero at the begin-
ning and a zero at the end to account for the expected
absorption times from state 0 and state r, respectively.
Now the mean time until absorption may be calculated
by multiplying the initial distribution of demes with the
right BB (given by equation 2) by the extended 7 (7'):

T= VlTI. (6)

The absorption probabilities from the transient state
i to the persistent state [ is given by the (Z,[)-th entry
of NR, where R is the matrix formed with the elements
of R1 and R2. If P, is the submatrix for the state that
represents finding the correct BB in all the demes, the
distribution of probabilities, «, of being absorbed into
that state (r) is given by the second column of NR. Aug-
ment « with a zero at the beginning and a one the end,
to account for the chances of being absorbed from state
0 and state r, respectively. To find the mean probability
of being absorbed at state r, multiply the initial distri-
bution of demes with the correct BB by the extended
vector (a'):

Py = V1. (7)

Figure 4 shows that the probability that in the long
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Figure 4 1In the limit, a parallel GA with r fully
connected populations using a maximal migra-
tion rate (dots) has the same chance of finding
the solution than a simple GA with an aggregate
population (continuous line).

run r fully connected demes of size ng will converge to the
correct value in a partition is the same as the probability
that a GA with a single population with rng individuals
succeeds.

4 Lower migration rates

Using the maximal migration rate simplifies the calcula-
tion of the number of BB after each epoch, because the
contribution from all the demes is uniform. This section
extends the analysis to cases with lower migration rates.
The form of the analysis is very similar, but with small
migration rates the initial number of BBs in a partic-
ular deme depends greatly on whether the local deme
converged correctly in the previous epoch.

For example, consider that in a given epoch two out
of three demes of a parallel GA converge correctly, and
suppose that each population sends 5% of its individ-
uals to the two others. At the start of the next epoch
there are two possibilities for a particular deme: if it con-
verged correctly in the previous epoch, then 95% of its
population has the correct BB (90% was already there,
and it obtained 5% from the other correct deme). If it
did not converge correctly, only 10% of the population
would have the correct BB, contributed by the other two
demes.

To reflect this situation, the Markov chain has addi-
tional states. As before, there is one absorbing state for
when all the demes converge to the correct BB, and there
is another for when they all converge incorrectly. For all
the intermediate cases there are two states: one to de-
note when the major fraction of the population contains
the BB (because the deme converged correctly in the pre-
vious iteration), and another state to represent when the
major fraction is incorrect. Therefore, there are 2r total
states, and they are numbered so that states 0 to r — 1
represent the cases where the major fraction of the deme
is incorrect, and states r to 2r represent the cases where
major fraction is correct.

0.9 ® ®

0.8

Mg rate
® 0.05 0.1 0.15 0.2 0.25

Figure 5 The probability of converging to the
BB increases with higher migration rates. The
example uses four demes with 50 individuals
each; the test function is a 20-BB 4-bit trap prob-
lem; and only one migration epoch is considered.
The theoretical predictions (continuous line) are
compared against experimental results.

The initial distribution of the demes that converge cor-
rectly is

Vi(i) = (rzl)szb(%)(l — Pyy(m0))" " ifi<r,
(=) Pl (wo) (1 - Poy(20)> =Y if i > .

The transition matrix now becomes:

Mo — ("5 1) Poo ()7 (1 = Pyy ()"~ ifj <r,
ij (;:i)Pbb(x)jfrJrl(l _ Pbb(x))%fjfl ifj >,

where 2 is the starting point of the random walk for each
case, and it depends on the migration rate p:

_ | nip ifi<r,
v n((@—r)p+1—p(r-1)) ifi>r.

As before, the probability of converging to the correct
BB after ¢t epochs is Py, = ViU, where U(i) = Py (),
and z is defined as above.

Figure 5 shows that the probability of reaching the
correct solution increases rapidly with higher migration
rates. Since all the individuals are the same when migra-
tion occurs, there are no cost penalties associated with
high rates, because only one individual needs to be sent,
and it can be replicated any number of times at the re-
ceiving deme.

As before, the fundamental matrix method can be used
to predict the long-term behavior of the parallel GA with
low migration rates. The states have to be reordered as
in the previous section. Figure 6 shows the probability
that in the long-run the parallel GA will converge to
the correct solution as a function of the migration rate.
Note that in the long run only a small migration rate
is sufficient to reach a solution of the same quality as a
simple GA with a aggregate population.
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Figure 6 The long-term probability of con-
verging to the correct BB increases rapidly with
higher migration rates. The example considers
four fully connected demes, with 50 individuals
each, working on a 20-BB 4-bit trap function.
The horizontal line is the probability that four
fully connected demes with maximal migration
(or a simple GA with 200 individuals) will even-
tually converge to the right BB.

5 Conclusions

This paper examined a bounding case of a parallel GA
with multiple fully connected populations. The analysis
focused on calculating the probability that a partition
converges to the correct BB, and Markov chains were
used to determine the convergence quality for an arbi-
trary number of epochs, and also in the long run. Ini-
tially, the case where migration is set at its maximum
possible value was studied, and it was later refined to
consider smaller migration rates.

The first conclusion of this study is that in the long
run, a set, of fully connected populations using the max-
imal migration rate is expected to find a solution of the
same quality as a simple GA with an aggregate popu-
lation. The second conclusion is that the greatest gain
in quality comes after the second epoch. Running the
populations in isolation (one epoch) does not produce
very good results, and iterating the algorithm more than
two times does not seem to yield significantly better so-
lutions.

The second part of the analysis shows that the quality
improves with higher migration rates. There is no reason
to use a low migration rate in the algorithm examined
here, specially since the communications cost is the same
regardless of the number of migrants.

However, these results about the quality of the search
have to be interpreted carefully, because we need to con-
sider the cost of reaching the solution before committing
to a particular configuration. Even though the analysis
shows how to calculate the expected number of epochs
until all the populations converge to the same solution,
there is no mention about the duration of each epoch or
about the cost of communications. That is a necessary

extension of the work presented here. Another possi-
ble extension is to consider other less densely connected
topologies that might be more attractive to users.

The conclusions of this study should aid in the design
of multiple-deme parallel GAs. High migration rates and
few (as low as two) epochs seem to be good design choices
for the algorithm described in the paper.
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